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Nomenclature
Ka = absorption coefficient
k = thermal conductivity
q = absorbed radiant flux
T = temperature
To = initial temperature
Ts(t) = surface temperature (x = 0)
Ts = reference temperature
x = coordinate normal to surface, positive into solid
α = thermal diffusivity
βs = in-depth absorption parameter = (Ts − To)/(q/kKa)

Introduction

I N MODELING and analysis of radiant heating and ignition of
energetic solids the assumption of surface absorption (i.e., a sur-

face heat-flux boundary condition) is routinely invoked without jus-
tification or discussion of its applicability.1−4 However, it is well
known that radiation absorption is a volumetric phenomenon even
in opaque solids. Nevertheless, no analytical assessment of the sur-
face absorption assumption in radiant heating and ignition of solids,
either energetic or nonenergetic, has been reported.

In this Note a simple analytical model is described for investi-
gating the surface absorption assumption. The analysis is based on
the one-dimensional heat equation with in-depth, volumetric ab-
sorption. The results show that in many cases in-depth absorption is
significant and that assuming surface absorption can cause ignition
times to be severely underestimated. The analysis also sets forth
a new nondimensional conduction/radiation parameter for radiant
ignition of solids that can be used to evaluate the validity of the
surface-absorption assumption.

Analytical Model and Governing Equations
In-Depth Absorption

A collimated, monochromatic radiative flux is imposed on a semi-
infinite, homogeneous, nonemitting, nonscattering solid. The solid
is characterized by Ka , k, and α. The flux absorbed (i.e., not reflected
at the surface) by the solid is q. The initial condition is a uniform
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temperature To (room temperature). The boundary conditions are
To deep in the solid and a surface gradient of zero, corresponding
to no conductive/convective heat flux at the surface (i.e., the solid
is adjacent to a poorly conducting fluid, such as a gas). Ignition is
assumed to occur when the surface reaches a fixed temperature Ts .
This criterion is, of course, an overly simplistic view of ignition of
energetic solids, but it is a common assumption, and furthermore
it is a useful approximation for the purposes of this Note (i.e., in-
vestigation of ignition criteria is not the point of this analysis). All
properties are assumed constant (uniform in space and time). In di-
mensional variables the energy equation and associated boundary
and initial conditions are as follows:

1

α

∂T

∂t
= ∂2T

∂x2
+ q Ka

k
exp(−Ka x) (1)

T (x, t = 0) = To,
∂T

∂x

∣∣∣∣
x = 0

= 0, T (x → ∞, t) = To (2)

Even though the radiant flux is treated as monochromatic with the
absorption coefficient being the corresponding spectral quantity at
that wavelength, this assumption is merely a convenience. Broad-
band radiation and nongray absorption could be readily handled by
spectral integration.

Introducing the following variables

β = (T − To)/(q/kKa), X = x/(1/Ka), τ = t
/(

1
/

αK 2
a

)
(3)

gives a nondimensional description that is parameter-free:

∂β

∂τ
= ∂2β

∂ X 2
+ exp(−X) (4)

β(X, τ = 0) = 0,
∂β

∂ X

∣∣∣∣
X = 0

= 0, β(X → ∞, τ ) = 0 (5)

Because it is parameter-free this formulation is the most efficient
for representing the solution.

If a characteristic temperature Ts is introduced [where Ts is a
constant, not the variable surface temperature Ts(t)],

θ = (T − To)/(Ts − To), χ = x/[k(Ts − To)/q]

η = t
/[

k2(Ts − To)
2
/

αq2
]

(6)

a second nondimensional formulation results, one that has a single
parameter, βs :

∂θ

∂η
= ∂2θ

∂χ2
+ βs exp(−βsχ), βs = Ts − To

q/kKa
(7)

θ(χ, η = 0) = 0,
∂θ

∂χ

∣∣∣∣
χ = 0

= 0, θ(χ → ∞, η) = 0 (8)

Because of the appearance of the parameter βs the solution of this
formulation cannot be represented as compactly as that for the pre-
ceding one. Nevertheless this formulation is useful because it iden-
tifies the parameter βs as a nondimensional conduction–radiation
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parameter for in-depth vs surface absorption. This formulation also
shows how the volumetric absorption problem transforms to the
surface absorption one in the limit of a very opaque solid or the uni-
form volumetric absorption problem in the limit of a very transparent
solid, as discussed later.

Surface Absorption
In the limit of a very opaque solid (Ka → ∞, βs � 1) the classical

surface absorption limit is approached. The radiation source term
of the previous formulation moves from the differential equation to
the surface boundary condition and in the process the βs parameter
drops out:

∂θ

∂η
= ∂2θ

∂χ2
(9)

θ(χ, η = 0) = 0,
∂θ

∂χ

∣∣∣∣
χ = 0

= −1, θ(χ → ∞, η) = 0

(10)

This problem, which describes a semi-infinite solid heated by a sur-
face heat-flux boundary condition, has a classical analytic solution
that appears in most heat transfer texts:

θ = 2√
π

√
η exp

(
−χ 2

4η

)
− χ erfc
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χ
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η

)
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√
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π
(11)
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= exp
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Ts − To = 2q

k

√
αt

π
, t = π

α

[
k(Ts − To)

2q

]2

(13)

Uniform Volumetric Absorption
In the limit of a very transparent solid (Ka → 0, βs � 1) the gen-

eral problem reduces to a description of uniform volumetric heating
with negligible conduction:

dθ

dη
= βs, θ(0) = 0 (14)

θ = βsη, T (t) = To + Kaq

(
α

k

)
t, t = k(Ts(t) − To)

αq

(15)

For this case there is no spatial variation in temperature: θs(t) = θ(t)
and Ts(t) = T (t).

Results
The parameter-free, nondimensional, volumetric absorption

problem was solved numerically using explicit finite-differencing.
The results are shown in Fig. 1. The characteristic depth of heating
(X ∼ 1) is the photon mean free path, 1/Ka , and the characteristic
time for heating (τ ∼ 1) is 1/αK 2

a . The characteristic temperature
rise (β ∼ 1) is q/kKa . Near the surface (for X < 1, x < 1/Ka) the tem-
perature profiles show the effect of in-depth absorption, regardless
of time; that is, slope going to zero. For times less than the char-
acteristic time (τ < 1, t < 1/αK 2

a ) the temperature profiles show the
effect of in-depth absorption (deviations from a surface absorption
analysis) not only near the surface but at x-locations deeper in the
solid (see discussion of Fig. 2). Although this nondimensional rep-
resentation of the solution is the most compact, it is not necessarily
the most conducive to physical insight.

To facilitate physical insight and the interpretation of Fig. 1
with respect to the surface-absorption assumption for radiant ig-
nition, a baseline set of dimensional parameters was selected as fol-
lows: Ka = 333 cm−1, k = 0.001 W/cm · K, α = 6.4e–4 cm2/s, and
To = 300 K (1/Ka = 30 μm and 1/αK 2

a = 14 ms). These parameters

Fig. 1 Nondimensional temperature profile for radiatively heated
solid with in-depth absorption (parameter-free solution).

Fig. 2 Temperature profile at 31 ms for k = 0.001 W/cm · K, α=
6.4e–4 cm2/s, To = 300 K, and q = 200 W/cm2 for both surface (Ka → ∞)
and in-depth (Ka = 333 cm−1) absorption.

were selected so as to correspond nominally to a polymeric hydro-
carbon, such as rubber, plastic, or solid propellant binder, subject to
CO2 laser radiation; they are not meant to simulate any particular
material precisely, however.

The ignition problem can be posed by prescribing an ignition
temperature, setting the maximum (i.e., surface) temperature to
this value and solving for the time necessary to reach this Ts

for a given absorbed flux. For Ts = 900 K and q = 200 W/cm2

the surface absorption parameter (from its definition) is βs =
β(X = 0) = 1.0 (the characteristic temperature rise is q/kKa =
600 K or q/kKa + To = 900 K). From the numerical solution, Fig. 1,
the nondimensional time needed to reach this nondimensional sur-
face temperature is τ = 2.2, which corresponds to a dimensional
time of t = (2.2)(14 ms) = 31 ms.

Figure 2 shows the dimensional temperature profile in the solid
for these conditions (q = 200 W/cm2 and Ts = 900 K). Figure 2 also
shows the temperature profile for the surface-absorption case. For
surface absorption, the surface would reach 1305 K in 31 ms (if
the solid remained inert with constant properties) or the ignition
temperature of 900 K in only 11 ms. Thus Fig. 2 shows how the
surface absorption analysis overpredicts surface temperature or un-
derpredicts ignition time; in this case, the latter is underpredicted
by a factor of three.

Ignition of energetic solids is often studied experimentally by
varying radiant heat flux and observing its effect on ignition time.
Figure 3 shows the effect of absorbed flux on ignition time (time to
reach Ts = 900 K) for both surface absorption (Ka → ∞, βs � 1)
and in-depth absorption (Ka = 333 cm−1). For the latter case when
the in-depth absorption parameter βs is of order one, the gen-
eral numerical results are used in the plot (recall that the value
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Fig. 3 Effect of absorbed flux on time to reach Ts = 900 K (ignition
time) for k = 0.001 W/cm · K,α= 6.4e–4 cm2/s, and To = 300 K for surface
absorption (Ka → ∞,βs � 1) and in-depth absorption (Ka = 333 cm−1).
For intermediate values of βs (order one), the general numerical results
are plotted; for βs < 0.1, the uniform volumetric absorption solution is
used (labeled βs � 1).

βs = 1 occurs at q = 200 W/cm2); for βs ≤ 0.1 (which corresponds
to q ≥ 2000 W/cm2) the uniform volumetric absorption solution is
appropriate and is thus used in the plot (labeled βs � 1 in Fig. 3). The
surface absorption case has the classical slope of −2 on a log-log
plot, corresponding to the analytical solution noted previously. The
uniform, volumetric absorption case has a slope of −1, correspond-
ing to its analytical solution, also noted previously. The in-depth
absorption case exhibits longer ignition times for a given absorbed
flux than the surface absorption case, and the slope of its ignition
curve is smaller in magnitude and decreases in magnitude with in-
creasing flux. This is noteworthy because such a deviation in the
slope from the classical −2 surface heat-flux solution is often ob-
served in experimental data and yet rarely is in-depth absorption
cited as a possible factor.5

Discussion
This simple analysis shows that assuming surface absorption,

when it is in fact not valid, leads to underestimating radiant igni-
tion times of solids. It also shows that in-depth absorption can be
a factor in the deviation of experimental data for ignition time vs
radiant flux from the classical slope of −2 on a log-log plot, which
is often observed. This is not to suggest that in-depth absorption
is always the cause for deviation from a slope of −2 or the only
cause; clearly there have been situations reported (e.g., CO2 laser
ignition of cyclo-tetramethylene-tetranitramine6) where other fac-
tors contributed. However, this analysis and these results do suggest
that in-depth absorption should always be considered in interpreting
experimental data of radiant ignition of both energetic and nonen-
ergetic solids (e.g., Refs. 7 and 8).

The way to estimate the importance of in-depth absorption has
also been elucidated by this analysis; it is to evaluate the in-depth
absorption parameter βs , which comes out of the nondimensional
formulations. This parameter can be thought of as a conduction–
radiation parameter, or more specifically a ratio of characteristic
length scales for conduction to radiation, as follows:

βs = k(Ts − To)/q

1/Ka
= xc

xr
(16)

The denominator xr is the characteristic length scale for in-depth
radiation absorption, the photon mean free path, and it is essen-
tially constant in time. The numerator xc is the characteristic length
scale for conduction. It is the thickness of a layer of solid heated
by conduction when the heat flux is applied at the surface. It grows

as the square root of time from the analytic solution. Early in the
radiant heating process, at sufficiently small times, Ts is low and xc

is small relative to xr (βs < 1), indicating that in-depth absorption
is important. In the limit βs � 1 conduction in the solid is negli-
gible, and the volumetric heating is nearly uniform spatially near
the surface. At long times, as Ts rises, xc becomes large relative to
xr (βs � 1) indicating that in-depth absorption is not as important
and the surface absorption approximation is more appropriate. Thus
the lower the ignition temperature of a material, the less valid the
surface-absorption assumption in interpreting its ignition time data.

The effect of several pertinent variables in addition to ignition
temperature (i.e., thermal conductivity, heat flux, and opacity) on the
in-depth absorption parameter can be estimated from its definition.
The following trends are conducive to surface-absorption treatment:
long time and/or high ignition temperature, low heat flux, high ther-
mal conductivity, and high opacity. The following conditions on βs

summarize the heating of a solid by a radiant heat flux in the vicinity
of the heated surface: βs � 1, surface absorption (surface heat-flux
B.C.) valid; βs ∼ O(1), exponentially distributed, in-depth absorp-
tion; and βs � 1, uniform volumetric absorption with negligible
conduction.

Summary
A simple numerical analysis is described for investigating the sur-

face absorption assumption in radiant ignition of energetic solids.
A new, nondimensional parameter is defined that quantifies the
importance of in-depth (volumetric) absorption compared to sur-
face absorption: βs = (Ts − To)/(q/kKa). For βs � 1 (high ignition
temperature Ts , low absorbed radiant flux q, high thermal conduc-
tivity k, and high absorption coefficient Ka), the surface absorp-
tion assumption is valid; for βs ≥ 1 (low ignition temperature Ts ,
high absorbed radiant flux q, etc.), in-depth absorption is impor-
tant. Applying realistic material properties to these results shows
that in many cases in-depth absorption is significant and that as-
suming surface absorption can cause ignition times to be severely
underestimated. At sufficiently short heating times (t < 1/αK 2

a ),
surface absorption analysis substantially overestimates surface
temperature.
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